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Abstract

This is the third report in a series describing a computer pro@wiRE
which is intended eventually to provide a full description of the wave eleva-
tion and flow field created by a surface-piercing or submerged body moving
steadily forward in still water of constant depth. The first two reports (pro-
duced at The University of Adelaide) provided results in the so-called far
field, notionally several shiplengths aft of the body. In the present report this
is generalised to provide wave elevations in infinite depth of water at any
point near or far from the body.

The front cover of this report is a contour plot of wave elevations predict&\Hor a DDG51
destroyer model travelling at a Froude number of 0.4136, equivalent to 30 knots full-scale speed.



1 Introduction

Near-field ship-wave computation is a very difficult task. Even if linearisation
is allowed as is assumed here, so that Michell’s thin-ship theory can be used,
the task still involves at least one order of magnitude greater difficulty than that
of computing waves in the far field. Notably, it involves one extra numerical
integration. In the first sections to follow of this report, we give the full thin-ship
theory on which our method is based.

Results are then presented for a particular vessel, which is a model for a pro-
posed US Navy DDG51 ship represented by David Taylor Model Basin (DTMB)
Model 5415, having a bow bulb and a transom stern. This model was used as
one of the test hulls for the 1991 “Wake-Off” evaluation at DTMB, where a num-
ber of then-current computer programs were assessed for their ability to agree
with towing tank measurements of the near-field wave patterns. In summary, we
demonstrate here that the pres8iYPEcode is able to do at least as well as any
of those codes.

One important factor included here as an option is the effect of viscosity on
the wave pattern. AlthougBWPEproduces good results on a purely inviscid
basis, even better agreement with some aspects of the experimental data is ob-
tained if damping of waves is allowed according to a standard formula involving a
kinematic viscosity coefficient which takes values betwe®dDand Q01n¥s?,
which is a sensible range for an eddy viscosity in oceanographic contexts.

2 Formulation via the Michell potential

The velocity potential of a unit Havelock source ([3] p. 28, [17] p. 484, [8], [16])
located atx, y, z) = (0,0, ©), or “free-surface Green’s function”, is given by the
double integral
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where the path ok-integration passeabovethe pole atk = ko sec 0, with ko =
g/U?. The first term inside the square bracket of (1) contributes the potential of



an ordinary infinite-fluid Rankine source, since
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The second term inside the square bracket of (1) is the correction for the free
surface, and it is easy to verify the Kelvin free-surface condiiQn+ koG, = 0
onz =0.

Now let us distribute Havelock sources over a regioof the planey = 0,
with strengthm(&, ) per unit area at the poing(0, €). Thus
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For the present report we assume that € throughoutR, which is certainly true
on the free surface = 0. Then we find that
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Now Michell [7] says that for a monohull thin ship with offsetss +Y(x, z),
the disturbance velocity potential is given by the above expression, where the
source strength is proportional to the longitudinal slope, namely

m(€, ) = 2UY¢(&, T)- ()

Substituting into (4) and integrating by parts with resped,twe get
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with k; = k cose as thex-wise wave number.

The formula (7) forP +iQ is valid for any bow or stern ends, whereas the
formula (8) has been integrated by parts, assuming a bow with zero offsets but
a stern§ = &s with a transom having non-zero offsets= +Y (&, ). If there
is no transom, then the second term of (8) vanishes, and we have simply
| R(&) cosk:1E)dE, with a similar formula forQ involving the sine, anR () =
| Y(&,TC)expkQ)dC. Ifthereis a transom, thiis replaced by — R(&;) sin(k1&s) / k1
andQ is replaced byQ + R(&s) coskiEs)/k;.

The linearised wave elevation= Z(x, y) is then given by
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2.1 Separation into components

Remember that the path kfintegration presently goebovethe pole. This was
in order to ensure that waves lie behind the ship; more to the point, that there are
no waves ahead of the ship. In particular, if we were tdoglowthe pole, this
would reverse the direction and put waves ahead of the ship, not behind it. To
emphasise this fact, suppose we defihieas the (incorrect) solution where the
path goes below the pole, to distinguish it from our desired soluion

Now let us definez® = Z — Z~. Then by the residue theorem, thentegral
for Z0is just—2rri times the residue of at the pole. Thus
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with k = ko seé 0 in the formula (7) forP +iQ.

SinceZ~ has no waves behind the body, if we let- +o thenZ~ — 0, so
Z% — Z. Thatis,Z%is precisely the usual far-field formula for the wave elevation.
This formula was used iBWPE2.0and is given in the Part 1 report [13].

It is convenient also to define a Cauchy principal-value integral which is just
the average of andZ, i.e.

1
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Rearranging, we see that we can compute the full Michell elevation funZtem
— 7C 1 0
Z=7+ EZ . (13)

If we have a computer program for the Cauchy principal-vaitiend for the far
field Z°, we can therefore easily compute the full wave figld
If we then want the purely local field;! which (for an origin located between
bow and stern) has no waves either ahead of the bow or behind the stern, we can
defineittobez! = Z if x < 0,andZt = Z- = Z — Z°if x > 0. Rearranging, we
have

ZL, x<0
z = {zuzo x>0 (14)

VAR YA (15)

whereZF is the far-field contribution defined by" = Z°H(x) and H(x) is the
Heaviside unit step function. Thus the total wave field can be written as the sum
Z = Z"+ ZF of a local and far-field contribution. Also, in terms of the Cauchy
principal-value integral, the local-field contribution is

ZL=7¢ - %Zosgm. (16)

3 Formulation via direct convolution

The above is the way to compute waves in the spirit of Michell [7], arSWPE2.0.
Namely, spectrum function’3+iQ of wavenumber are first computed by integra-
tion of offset data over the centreplane, then integrands involving these functions
are integrated with respect to wavenumber and direction.

However, another possibility is somewhat more direct, as follows. Suppose we
have available (by numerical integration with respect to wavenumber and direction
or otherwise) computer code for the Green'’s funciioriself, as defined by (1).
Then according to a combination of (3) and (5),
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Equation (18) gives the wave elevation directly, by an integration over the centre-
plane, with input offset dat#(x, z) and use of the assumed code for the Green’s
functionG(x, y, z; ©). The integration is of convolution type with respect to the
x-variable, and the method could be called a convolution method.

It is possible to spliG and hence the resulting wave elevatidnto various
components as in the previous section. We shall writeto denote the corre-
sponding function where the path kfintegration (incorrectly) goes below the
pole, in order to distinguish it from the desired funct@mvith the path above the
pole. Then the differencg® = G — G~ is again—21ti times the residue, namely
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Similarly, we can define a Cauchy principal-value version of the Green’s func-
tion, namelyG® = (G + G7)/2. Note thatG° is an odd function ok andG¢ an
even function ok, andG = G¢ + G°/2.

It is now simple to show that use of these special versions of the Green’s
function in the convolution (18) yields the same special wave elevafiSrand
Z€ as in the previous section, e.g.

2
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Hence, if we choose, we can use convolutions such as (21) and the equivalent for
Z¢ to generate the full flow field = Z¢ + z9/2.

However, the subdivision of the flow field into local and far-field contribu-
tions is not unique. We can define a local Green'’s funcibranalogous to (16),
namely

GH(%, ¥, 7 D) = G (07, 51 0) - 36y, i Dsane. (22)

Note that this is an even function af However, if we then convolve with the
body slope to generate a local wave field, namely

2
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this is not the same as the local wave figltl defined in the previous section by
equation (16), because of the influence of a factorsgrg) from the second term
of (22).



For example, the equivalent of (14) for the Green’s function is

| Gt x <0
G_{GL+G°, x>0 (24)

or G = G + G’H(x). Hence if we use this in the convolution method, we have
Z = 7t + ZF where the local wave field" is now defined by (23) rather than by
(16). Similarly, the far-field wave is

2
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which is not in general the same as the quanfity= Z°H(x) defined in (15).
Incidentally (with the origin located between bow and stern) there is a difference
between the two forms of the local field only whefies between that for the bow
and stern; ahead of the bow bdth are exactly zero, and aft of the stern they are
both equal taz®. In any case, both methods must end up with the same total field
Z =7 + ZF everywhere.

4 Damping due to eddy viscosity

Itis possible to include viscosity in the far-field calculations by introducing to the
integrands of the integrals (11) and (20) the multiplicative factor

exp(- 2vk§% sed 0) (26)

wherev is the eddy viscosity. At each fixed andgleof propagation, this factor is
as estimated by Lamb ([4] p. 625) for damping of plane waves. Lamb’s derivation
is for laminar flow withv as the (molecular) kinematic viscosity, which is of the
order of 10°m?s~1. However, we use it here in a turbulent context with a much
larger value ofv, corresponding to an eddy viscosity. The actual value fnot
precisely known in any given situation, and indeed is not necessarily a constant
in space, varying over a wide range of values. Use of any prescribed constant
value for an eddy viscosity is just an empirical first step toward a more accurate
model of turbulent flow. Nevertheless, oceanographically relevant ([6] pp. 9, 413,
[1] pp. 45, 63, 72) values of eddy viscosity seem to be of the order of D
10?m?s™1, and here we take = 0.005n¥s™! as representative.

Such an eddy viscosity primarily damps out those waves that oscillate most
rapidly, and the present damping factor can be seen from its form (26) to act most
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strongly on those waves for whiah is near+1r/2; that is, the short divergent
waves travelling nearly perpendicular to the track of the ship. It is believed that
eddy viscosity has little effect on the local field, and we make no attempt to include
it in that component here.

5 Domains of computation

The enhancement to be madesid/PEn this versionrSWPE3.0is to evaluate the
local-field componenf! as the complement to the already-availaBWPE2.0
far-field calculation ofzZ*.

The nature of the local field is that it does not have waves ahead of the bow nor
aft of the stern, but simply represents the disturbance to the surface due to changes
in the dynamic pressure as the surrounding fluid is accelerated by the body. As
such, it can be expected to decay monotonically towards zero as the distance from
the ship increases toward infinity. This monotonic behaviour can be utilised to
computational advantage.

In either of the two formulations described above, evaluation of the local-field
component requires computation of a double integral with respe6@tdad k.

The newk-integration can be performed as a Cauchy principal-value, either in
equation (10) for the MichelP, Q formulation, or in equation (1) for the Green'’s
function itself in the convolution formulation. The far field, by comparison, in-
volves only the residue from theintegrand, and is a single integral with respect

to 0. Of course, both integrals must then be further integrated over the body,
so in reality there are quadruple and triple integrals respectively which must be
evaluated for each field point being considered. As a result, it is the local-field
computation which one might expect to be the most expensive in the evaluation
of the total wave field.

However, Newman [8] observed that, in the convolution formulation, one need
only evaluate this double integral for the Green'’s function, nar6élyas defined
in (22), onceever (but for every possible value of — &, y andz + C). Further-
more, sinceG! is waveless and, in particular, tends monotonically towards zero
at infinity, it is possible to accurately approximate the local Green'’s function by a
polynomial. Thus, as aeparatetask, one can determin@", and then determine
coefficients for reconstruction of values of this function by a polynomial. This
task was performed by Newman, and details of the method, algorithms for the
associated code, and values for the polynomial coefficients are all given in [8].

The resulting computational savings are significant, since the double integra-



tion is replaced by summation of finite series, which is comparable in terms of
computational effort with the single integration required for the far-field calcula-
tion. There is, however, a small price to be paid when moving on to compute the
total field. The local-field component evaluated in the above manner is that of the
convolution formulation as defined in equation (23), and therefore is the comple-
ment to the convolution far field (25). However, thigustin general the far field

(11) determined b$sWPEZ2.0. However, as already noted, both far-field formula-
tions are equivalent beyond bow and stern, and thus the local-field component can
be used to complement the far field®WWPE2.0everywhere except between bow
and stern. Between bow and stern it is necessary to use equation (25) to determine
the far-field component.

One may ask, “Why not use the far field of the convolution formulation every-
where?” Indeed this would be entirely acceptable, except that one of the advan-
tages of the previous versi@WPEZ2.0is then lost. SWPE2.0s unique Michell
P, Q formulation allowed significant increases in computation speed which are
not available with the far field of the convolution formulation, and so such an ap-
proach would be slower. Thus, for optimum speed of computation, we use two
domains of computation. The first is between bow and stern, and the second is
elsewhere. Between bow and stern, the slower far-field convolution integral (25)
is added to the local field as computed using the Newman polynomial representa-
tion. Elsewhere, the far field as computed by the MiclRel) code inNSWPE2.0
(11) is added to the (same) local field.

A further optimisation is possible by considering a third domain in which the
local-field correction is sufficiently small as to be neglected entirely. In this do-
main the program would revert to being exactly the sanf®\d®E2.0. However,
as the resulting increase in speed is minimal, this optimisation is not included in
the present version @WPE

5.1 Accuracy and timings

Even though, as discussed above, there are computation methods which are in-
efficient relative to the final choices built in®WPEsome of these were also
programmed to use as benchmark checks on the accuracy of the main code. This
check was in all cases satisfactory, i.e. it was always possible to increase accuracy-
determining input parameters such as the number of intervals into which integra-
tion ranges were divided, until there was agreement to at least 3 significant figures
between the various computation methods.

The following are sample computation times per wave elevation point on a
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SUN Sparc Ultra (averaged over many such points), at approximately 3-figure
accuracy. Some runs were made on other machines, both slower and faster. For
example, timings when the program was run on one CPU of a Silicon Graphics
Power Challenge were found to be about 4 times faster.

A direct numerical double integration of (10) took 260 seconds per point,
which would be quite prohibitive if the intention was to U8&/PEo survey many
thousands of points. A compromise method wherekietegration of (1) was
done by a polynomial representation (as a complex exponential integral) but the
0-integration done numerically took 18 seconds per point.

Use of the full Newman [8] polynomial representation for the double integral
then cut this time to 5 seconds for the total flow field when the convolution method
was being used for the single integral, but nearly all of this computer time was
occupied in evaluating that single integral. This is the method that is used (of
necessity) irSWPBbetween bow and stern. Finally, if we use the (more efficient)
Michell method for the single integral combined with the Newman method for the
double integral, whictsWPHRises for points not between bow and stern, the time
was further dramatically reduced to about 0.25 seconds, of which almost all was
for the double integral part.

A 100MHz Pentium PC with 16Mb of RAM was found to be approximately 4
times slower, while both a 450MHz Pentium PC with 256Mb RAM and a Silicon
Graphics Power Challenge were found to be about 4 times faster. However, the
test used only one CPU of the twenty available for the Power Challenge, and a
further increase in speed by a factor of nearly 20 may be expected if the machine
was dedicated to the task.

Various input parameters affect accuracy, and appropriate values are specified
in the SWPE3.0 User’'s Manual [15]. One of the most important is the number
Ny of 0 values into which the basic range t0/2) is divided in carrying out the
0-integration numerically. We have found that for surface vessels, especially in
the absence of eddy viscosity, valued\gf of at least 640 are needed, and values
of 1280 or more are recommendedNj is too low, some of the diverging waves
that are very noticeable at the inside edge of the Kelvin angle are missed. Of
course, if the body is submerged or if an eddy viscosity correction factor is being
used, these diverging waves neabte 11 /2 are damped out, and this is then not
such a critical matter.

The other set of inputs that affect accuracy are the offset data specifying the
ship. Again, there are parts of the computation where it is necessary to specify
the hull geometry more accurately than is common in naval architectural practice.
In particular, for the DTMB 5415 model, the number of waterlines is critical. We
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Figure 1: David Taylor Model Basin hull 5415.
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have found differences of the order of one or two percent between results with 23
waterlines and 89 waterlines. The latter seems rather extreme, but it should be
noted that because this vessel has a bow bulb that extends beneath its main keel,
many of these waterlines are “wasted”, with zero input offsets, and it is necessary
to use a large number of waterlines simply to define adequately the shape of the
bulb and the transom. For more conventional vessels, a smaller number of offsets
may be acceptable. The number of stations is less sensitive, but we recommend at
least 51 stations to maintain 3-figure accuracy.

6 Comparison with the Wake-Off

To compare our predictions of wave elevations with experimental results, we use
the DTMB 5415 hull shown in Figure 1 (see [2]), which is representative of a
modern destroyer. This hull has a shallow transom stern and is also equipped with
a large sonar dome situated beneath the bow stem.

The 5415 hull was used in the “Wake-Off” study of Lindenmuth et al [5]
wherein predictions by several computer codes were compared with experimental
results obtained in a towing tank on a model of length 5.72 metres. Hull offsets,
experimental results and other data are available in electronic form at the DTMB
WWW site [2].

Experimental results are available for two Froude numbers, nakel§.2755
andF = 0.4136, which correspond to model speeds of 4 and 6 knots and full scale
speeds of 20 and 30 knots respectively. Hull 5415 offsets, suppliBtbid
format by the DTMB WWW site, were converted T0X4 panelised format by
a simple FORTRAN program. Th&X4 format offsets were then converted to
SWPHormat (which requires uniformly spaced stations and waterlines) using a
special data-conversion prograwo _d_projector  [12]. Two SWPHEnput files
were prepared, one for each Froude number. The offsets and hull dimensions in
each file are for the hull in the squatted attitude appropriate to each Froude num-
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ber. These input files have been included with&W¥PE3.0distribution files, as
has the data-conversion programo _d_projector

6.1 Comparison of wave-field components

Figure 2 shows a surface image of the local-field contribution, accompanied by
a wave cut along’ = 0.572m displaying both the local-field component and the
total wave elevation as determined 8WWPHEor the 5415 hull at a Froude number

of 0.2755. Figure 3 shows the same information, but for a Froude number of
0.4136. The wave cut is offset from the centreplane by one-tenth the ship’s length,
and so lies near to the side of the ship, whose half-beam is 0.4m. One can see
that the local-field component decays monotonically to zemo asco from bow

and stern, whereas the total wave elevation, and hence the far-field component, is
wave-like behind the ship. As mentioned earlier, the local field disturbance can
be considered to be due to the change in dynamic pressure of the fluid as particles
are accelerated by the ship. The far field is due to the oscillatory motion set up
by the restoring force of gravity. Of most interest is the fact that the local field

is of negligible amplitude relative to the far-field component for distances greater
than one shiplength behind the ship. For exampleFfer0.4136 atx = 5.72m,

half a shiplength behind the stern, the amplitude of the local-field disturbance is
0.0006m, which is less than 1% of the amplitude of the total far-field disturbance
along the wave cut. It is this extremely rapid decay of the local field that makes
the previous versioBWPE2.0of the present code valid for most of the region of
interest.

6.2 Effect of eddy viscosity

As described in Section 4, it is possible to introduce a damping factor into the
formulation to represent effects of eddy viscosity. Figure 4 shows the effect of
eddy viscosity on free-surface elevations along the waveycat —1.854m for
the 5415 hull at Froude number2755, for values of eddy viscosity ranging from
v = 104 to v = 102m?s71, along with the corresponding inviscid case= 0.
Similarly, Figure 5 shows this effect & = 0.4136. One can see that viscous
damping has the greatest effect on the diverging waves, and at the larger viscosities
the only remaining disturbance is due to the transverse wave system.

The smaller values of viscosity simply remove some very short diverging com-
ponents, so smoothing out the main transverse crests and troughs, without essen-
tially reducing their amplitude. There is little difference between the curves for
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Figure 2: (a) Surface image of the local-field contribution and (b) comparison of
total wave elevations and local-field contribution along the waveycatd.572m
produced bySWPHEor the 5415 hull at Froude number 0.2755.
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Figure 3: (a) Surface image of the local-field contribution and (b) comparison of
total wave elevations and local-field contribution along the waveycatd.572m
produced bySWPHor the 5415 hull at Froude number 0.4136.
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Figure 4. Effect of eddy viscosity on wave elevationg’at —1.854m from the
ship’s track produced bWPHor the 5415 hull at Froude number 0.2755.
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Figure 5: As for Figure 4, but with Froude number 0.4136.
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eddy viscosity equal to zero ando001nts!, at both Froude numbers. On the
other hand, the larger values of viscosity reduce the transverse wave amplitudes,
to the extent that waves decay with distance behind the ship faster than is observed
in practice. In fact, the decay rate observed in the model experiments is also some-
what higher than one might expect, a fact than was commented upon in [5], and
this feature may not be real. Nevertheless, at realistic intermediate values of the
order of Q005n¥s!, the agreement with experiment is significantly enhanced by
use of this eddy viscosity correction factor.

6.3 Transom stern condition

The 5415 hull has only a small transom, even when the hull is trimmed and squat-
ted. We should therefore expect only small differences between predictions as-
suming that the transom is running fully dry (that is, a functioning transom with
non-zero stern offsets from which the flow separates to form a wake) and when
it is completely wet (a state where there is in effect no transom, the offsets re-
turning suddenly to zero at the stern and the flow being assumed to follow this
sharp corner). This is supported by Figures 6 and 7 which show that there are
only slight differences between the two transom conditions. F~er0.4136, the
largest difference occurs at the second peak kgar 110.

6.4 Comparison with competitors

The following two figures, 8 and 9, show the prediction of the wave elevations
as determined b$WPEalong with those predicted by competitors in the Wake-
Off. Also included are the actual experimental results. It is interesting to note that
there is in general better agreement between the various numerical predictions
than there is with the experimental result. In addition, the experimental results
display some characteristics which are surprising (such as a negative mean ele-
vation and a large rate of decay in amplitude), that perhaps give some reason to
doubt their accuracy. At the very least, it is clear tB#PEs producing results as
good as any of the Wake-Off competitors, and significantly better than most. The
best of the competitors is the prograARWAYof Noblesse [9] and our code
is quite close in spirit and in its output to that program, the theoretical basis for
which has also been extended since 1991, see e.g. [10].

Subsequent to the 1991 Wake-Off, there have been a few additional computa-
tions for the same DTMB 5415 hull. Notable is the commercial cdfaPID”
of MARIN, due to Raven [11], which is fully nonlinear. Figure 10 shows the
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Figure 6: Comparison of wave elevations produced by the dry and wet transom
conditions aty = —1.854m from the ship’s track produced IBWPEusing an
eddy viscosity of M05n?s? for the 5415 hull at Froude number 0.2755.
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Figure 7: As for Figure 6, but with Froude number 0.4136.
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RAPID, SWPEand experimental results &t= 0.4316. Again, our results are
comparable in accuracy with those produced®®PID. This is indirect evidence

that nonlinearity is not particularly important, and the Michell thin-ship approxi-
mation is adequate for ships of this slenderness. More direct evidence of validity
of the thin-ship approximation for submerged bodies was already provided in the
secondSWPHeport [14].

We conclude by displaying two figures, 11 and 12, showing wakes determined
by SWPHor the 5415 hull at Froude numbers 0.2755 and 0.4136 respectively.
These two figures both show the wave field only oukte 13m; the cover of
this report shows a larger view (k0= 25m) of the same waves at Froude number
0.4136. These computations were performed with eddy viscod§0Qnts:,
which is lower than our recommended value, so that the very fine diverging wave
structure is visible, especially at the inside edge of the main “bow wave” at the
Kelvin angle of 19°. Larger values of eddy viscosity eliminate some of this
structure, and it is an open question at this time as to whether this improves or de-
grades agreement with observation. What is clear however, is that this structure is
real in the absence of eddy viscosity, and can be missed if less-accurate numerical
algorithms are adopted.
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Figure 8: Comparison of wave elevationsyat —1.854m from the ship’s track
produced bySWPHusing an eddy viscosity of.005nts ™) and estimates made
by several competitors in the Wake-Off for the 5415 hull at Froude number 0.2755.
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Figure 9: As for Figure 8, but with Froude number 0.4136.
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Figure 10: Comparison of wave elevationg/at —1.854m from the ship’s track

produced bySWPHusing an eddy viscosity of.005n7s™!) and estimates made
by the MARIN code RAPID” [11] for the 5415 hull at Froude number 0.4136.
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Figure 11: Wake as determined IBWPHor the 5415 hull at Froude number
0.2755.

Figure 12: Wake as determined IBWPHor the 5415 hull at Froude number
0.4136.
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